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ABSTRACT
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In this analysis, the flow and heat transfer characteristics of an aqueous hybrid
nanofluid with TiO2 and Cu as the nanoparticles past a horizontal slim needle
in the presence of thermal radiation effect is investigated. We hope that the
present research is applicable in fiber technology, polymer ejection, blood
flow, etc. The Prandtl number of the base fluid is kept constant at 6.2. The
needle is considered thin when its thickness does not exceed that of the
boundary layer over it. Using the similarity transformation method, the
governing PDEs are transformed to a set of non-linear ODEs. Then, the
converted ODEs are numerically solved with help of bvp4c routine from
MATLAB. Results indicate that the dual similarity solutions are obtained only
when the slim needle moves in the opposite direction of the free stream. In
addition, the first solutions are stable and physically realizable. Besides, the
second nanoparticle's mass and also the magnetic parameter lead to decrease
the range of the velocity ratio parameter for which the solution exists.
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1. Introduction
The hybrid nanofluids are very new kind of nanofluids, which can be prepared by suspending (i) different
types (two or more than two) of nanoparticles in base fluid, and (ii) hybrid (composite) nanoparticles in base
fluid. A hybrid material is a substance which combines physical and chemical properties of different materials
simultaneously and provides these properties in a homogeneous phase. Synthetic hybrid nanomaterials exhibit
remarkable physicochemical properties that do not exist in the individual components (Sarkar et al., 2015). The
studies (Ghadikolaei et al., 2017; Yousefi et al., 2018; Dinarvand, 2019; Shojaie Chahregh and Dinarvand,
2020; Ijaz et al., 2018) showed a promising reaction of hybrid nanofluids in heat transfer system, as its
thermophysical properties produced a great tendency towards improved heat rate as compared to single
nanoparticles. Because hybrid nanofluids showed a promising impact in a heat transfer system, there are still
many studies carried out to study the stability and side effects of its implementation in the system. In addition,
hybrid nanofluids showed a great reflection towards reactivity and pressure drop characteristics. Moreover, the
size of the hybrid nanoparticles, surface adsorption, volume fraction and concentration play a vital role in
producing a stable and reactive hybrid nanofluid (Hamzah et al., 2017). Some of the application areas include;
heat exchanger, electronic cooling, heat pipes, car radiators, coolant in welding and machining, nuclear plant,
solar heating, biomedical applications, drug delivery, etc. (Che Sidik et al., 2016; Gupta et al., 2018). Madhesh
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and Kalaiselvam (2014) were experimentally investigated the heat transfer characteristics of a hybrid nanofluid
with Cu-TiO2 hybrid nanocomposite using a tube-in-tube counter flow heat exchanger. Results showed that
the convective heat transfer coefficient of nanofluids increased with hybrid nanocomposite concentration and
Reynolds number. Moldoveanu et al. (2018) presented an experimental study on rheological behavior of hybrid
nanofluids made of Al2O3–TiO2 suspended in pure water. Also, a regression analysis was done in order to
connect the relative viscosity with volume fractions of both nanofluids and hybrid nanofluid. Recently,
Khashi’ie et al. (2020) focused on the three-dimensional hybrid nanofluid flow and heat transfer due to a
deformable (stretching/shrinking) plate with power-law velocity and orthogonal surface shear. The effect of
adding Cu and Al2O3 nanoparticles are represented by a homogeneous mixture model with the modified
thermophysical properties. It is worth mentioning that duality of the similarity solutions are observed in both
stretching and shrinking regions, however, only the first solution is proved to be stable and realistic. Semianalytical modeling of a steady laminar MHD mixed convection incompressible viscous and electrically
conducting hybrid nanofluid (CuO-Cu/blood) flow near the plane stagnation-point over a horizontal porous
linearly stretching sheet along with a variable magnetic field by a novel computational algorithm according to
nanoparticles and base fluid masses were done by Dinarvand et al. (2019). It was proven that when the blade
shapes for both nanoparticles are taken into account, the local heat transfer rate is maximum that is also
compatible with experimental observations.
An equation governing the motion of an incompressible fluid flowing axially over a thin paraboloid of
revolution was initially derived by Lee (1967). Later, Ishak et al. (2007) studied the boundary-layer flow on a
moving isothermal slim needle parallel to a moving stream. Their results proved that the dual solutions occur
when the needle and the free stream move in the opposite directions. The thin needle has numerous applications
in the boundary layer such as fiber technology, polymer ejection, blood flow, coating of wires, transportation,
geothermal power generation, etc. (Upreti and Kumar, 2019). Soid et al. (2017) investigated a steady twodimensional laminar forced convection boundary layer flow along a horizontal slim needle immersed in a
Cu/water mono-nanofluid with dual solutions and its stability analysis. The influences of the needle size and
the solid volume concentration on the flow and heat transfer characteristics as well as on the velocity and
temperature distributions were discussed in details. And Hamid et al. (2019) examined the incompressible
MHD flow of graphene oxide/water nanofluid past a continuously moving slim needle with radiation effect
plus the dual similarity solutions analysis. The outcomes implied that the flow fields strongly depend on size
and shape of the needle and only the upper solution branch (the first solutions) is stable and physically
realizable.
Motivated by the above investigations, the present paper considers the dual solutions of laminar steady
MHD flow of a TiO2-Cu/water hybrid nanofluid past a moving horizontal thin needle with radiation. A very
useful model (called the mass-based model) for hybrid nanofluid’s analysis is taken into account. The foregoing
model initially uses the mass of both nanoparticles as well as the mass of the base fluid in order to compute the
equivalent density, equivalent specific heat and equivalent volume concentration for nanoparticles. Then
substituting those five vital relations into governing equations gives us the mass-based single-phase differential
equations that we must numerically solve them. The final similarity ordinary differential equations (ODEs)
under the relevant boundary conditions are solved with help of bvp4c code in MATLAB. After that, the results
and discussion about graphical and tabular findings are presented.

2. Mathematical formulation
We consider a steady, laminar MHD boundary layer flow past a continuously moving horizontal slim needle
filled with a TiO2-Cu/water hybrid nanofluid along with thermal radiation effect as shown in Fig. 1. We
assumed only needles whose thicknesses are comparable to that of the boundary layer or smaller (Lee, 1967).
Also, it is assumed that the solid phase and the fluid phase are in thermal equilibrium and no slip occurs between
them. Besides, at first the titanium oxide (TiO2) as the first nanoparticle is dispersed in pure water; then the
copper (Cu) as the second nanoparticle is suspended in it. The thermophysical properties of the base fluid and
nanoparticles are given in Table 1. Under these assumptions and following the nanofluid model proposed by
Tiwari and Das (2007) and using the Roseland approximation, the governing equations for the continuity,
momentum and energy can be written as (Soid et al., 2017; Hamid et al., 2019).
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Figure 1. Physical view of the problem.

Table 1. Thermophysical properties of base fluid and nanoparticles (Sarkar et al., 2015)
Property

H 2O

TiO2

Cu
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Further, Table 2 demonstrates the effective thermophysical properties of hybrid nanofluid plus five vital
relations for our mass-based model including equivalent density, equivalent specific heat, equivalent volume
concentration, volume concentration of first nanoparticle and volume concentration of second nanoparticle in
terms of the nanoparticles and base fluid masses (i.e. w1, w2 and wf).
Following Ishak (2007), we introduce the following similarity variables:
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Using V x  (1/ r )( / r ) and V r  (1/ r )( / x ), and putting Eq. (5) inside Eqs. (1)-(3), we will
get:
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Table 2. Effective thermophysical properties of hybrid nanofluid and five vital mass-based relations
(Dinarvand et al., 2019; Dinarvand and Nademi Rostami, 2019; Dinarvand et al., 2019)
Properties

Thermophysical properties of hybrid nanofluid
f

Dynamic viscosity ( hnf )

(1  e ) 2.5

Density ( hnf )

(1  e ) f  e  s

Volumetric heat capacity (CP )hnf

(1  e )(CP ) f  e (CP )S
k2  2knf  22 (knf  k2 )

Thermal conductivity ( k hnf )

k2  2knf  2 (knf  k2 )
knf 

Equivalent density ( s )
Equivalent specific heat at constant pressure
((CP )s )

k1  2k f  21 (k f  k1 )
k1  2k f  1 (k f  k1 )
(1  m1 )  (2  m2 )
m1  m2
m1  m2

Solid volume fraction of the first nanoparticle
(1 )

Solid volume fraction of the second
nanoparticle (2 )
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2
m1 m2 m f
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in which ( C P )s  ( s )(C P )s and ( C P )f  ( f )(C P )f . Also the converted boundary equations can
be written as follows:

c
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where the magnetic parameter ( M ), the similarity radius of the slim needle (c), the velocity ratio
parameter ( ), the radiation parameter ( R) and the Prandtl number (Pr ) are defined as:

M

 B02 x
,
2  f .U 0

c

U 0 R( x) 2
,
 f .x



uw
,
U0

R

16 T3
,
3K  k f

Pr 

f
.
f

(10)
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radius as R ( x)  {( f .cx) / (U 0 )} . In addition, we consider the special cases as i)   0 (Blasius flow),
  1 (Sakiadis flow), 0    1 (both free stream and needle move towards the positive x-direction) and
1    0 (free stream moves the right side, while the needle moves the left side).
It should be noted that U 0  uw  U  . Furthermore, we set
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The skin friction coefficient (C f ) and the local Nusselt number ( Nu x ) are introduced as (Soid et al.,
2017):
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where Rex  (U 0 x) / ( f ) is the local Reynolds number.

3. Results and discussion
The boundary value problem given in Eqs. (6)-(9) has been numerically solved using the function bvp4c
from MATLAB for different values of the involved parameters M , R, Pr , c, , m1 , m2 , m f , s and

(CP )s . In order to apply the bvp4c routine we have to rewrite our boundary value problem as systems of firstorder ODEs. The function bvp4c is a finite difference code that implements the 3-stage Lobatto IIIa formula.
This is a collocation formula and the collocation polynomial gives us a C1-continues solution which is forthorder accurate uniformly in the interval where the function is integrated (Roşca et al., 2016; Shampine et al.,
2003). In this approach, we have chosen a suitable finite value of max between 9 and 17, where the relative
tolerance was set at 10-6. Mesh selection and error control are based on the residual of the continues solution.
Moreover, the first solutions are always easily obtain with even poor initial guesses. But, it is hard to determine
a relevant initial guess to obtain the second solutions of the governing ODEs (6) and (7) subject to the boundary
conditions (8) and (9). So, we changed the initial guesses more and more until we get the correct answers that
are able to satisfy the boundary conditions.
Dual solutions for MHD flow of a water-based TiO2-Cu hybrid nanofluid over a continuously moving thin
needle in presence of thermal radiation (Seyed Mehdi Mousavi)
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Table 3 is presented to compare d f / d  (c )  f (c ) for pure water without magnetic field and thermal

radiation effects when m f  100 gr , with previous results obtained by Ishak et al. (2007), Soid et al. (2017)
and Hamid et al. (2019). As can be seen in Table 3, a very excellent agreement can be observed between them.
Also, it can be deduced that the mass-based model proposed here is an efficient algorithm for analyzing the
hybrid nanofluid's problems with great confidence.
Table 3. Validation of the present article for

f (c) when M  R  m1  m2  1  2  0,

m f  100 gr .

  1

0

c

Hamid et
al.
(2019)

Present
study

0.001
0.01
0.1
0.2

–
8.4988157
1.2914272
0.7540276

62.1612
8.49217
1.28907
0.75193

Soid et al. (2017)
First
Second
solution solution
–
26.599394
3.703713
2.005424

–
2.805533
0.389103
0.227837

Ishak et al. (2007)
First
Second
solution solution

Hamid et al. (2019)
First
Second
solution solution

Present study
First
Second
solution solution

197.2699
26.6021
3.7162
–

–
26.601911
3.7043034
2.0061851

196.9878
26.5994
3.7037
2.0054

22.0693
2.8031
0.3884
–

–
2.804354
0.387491
0.225739

22.0688
2.8028
0.3877
0.2202

Figures 2 and 3, in turn illustrate the variation of f (c ) and d  / d (c)  (c) with the velocity ratio
parameter (), for several values of the magnetic parameter ( M ) when m1  m2  20 gr , m f  100 gr ,

c  R  0.1 and Pr  6.2. These figures show that dual solutions (i.e. the upper solution branch and the lower
solution branch) exist for the boundary value problem (Eqs. (6)-(9)) when the slim needle moves in the opposite
direction of the free stream (c    0). Further, the magnetic parameter limits the range of  for which the
solution exists. Also  c is the critical value of  beyond which similarity Eqs. (6) and (7) have no solutions.
Besides, when both the slim needle and the free stream move to the right side (0    1), we have a unique
solution. In addition, only the first solutions are physically realizable and stable and they are always possess
thinner thicknesses relative to the second solutions. Figure 4 demonstrates the samples of dimensionless
velocity ( f '()) and temperature (()) profiles for several values of M when m1  m2  15 gr ,

m f  100 gr , R  c  0.1,   3 and Pr  6.2. It should be mentioned that, the velocity profiles are the
solutions which have been plotted from f '(  0)  1.5 to f '(  17)  2. We observe that the magnetic
parameter enhancement can decrease the velocity profiles for first solutions (real solutions) due to the fact that
by applying a magnetic field, the Lorentz force is applied in the opposite direction of the flow field and leads
to slow down it. On the other hand, the magnetic parameter has no significant effect in temperature distributions
for the first solutions. Although, it is able to dramatically enhance them for the second solutions that never
happens in the real world.

Figure 2. Variation of f (c) as a function of  for several values of M .
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Figure 3. Variation of  '(c) as a function of  for several values of M .

Figure 4. Dimensionless velocity ( f ()) and temperature (()) profiles for several values of M .
Figures 5 and 6 respectively depict the variation of f (c ) and (c ) with the velocity ratio parameter

(), for several values of the second nanoparticle's mass (m2 ), when m1  20 gr , m f  100 gr , M  0.15,
R  c  0.1 and Pr  6.2. Once again, we clearly can see that the dual solutions exist for c    0.
Furthermore, m2 decreases the range of  for which the solution exists. The samples of f '() and ()
profiles for several values of m2 has been shown in Fig. 7, when m1  15gr, m f  100 gr , M  0.15,

R  c  0.1,   3 and Pr  6.2. The velocity profiles are the solutions which have been plotted from
f '(  0)  1.5 to f '(  17)  2. It is implied that the velocity profiles tend to increase for both first and
second solutions by adding the second nanoparticle's mass in the advanced working fluid, while the opposite
trend is true for the temperature profiles. As a consequence, m2 has a positive impact on the present study so
that it leads to decrease the thermal boundary layer thickness which affects the heat transfer rate enhancement.

Dual solutions for MHD flow of a water-based TiO2-Cu hybrid nanofluid over a continuously moving thin
needle in presence of thermal radiation (Seyed Mehdi Mousavi)
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Figure 5. Variation of f (c) as a function of  for several values of m2 .

Figure 6. Variation of  '(c) as a function of  for several values of m2 .

Figure 7. Dimensionless velocity ( f ()) and temperature (()) profiles for several values of m2 .
Figure 8 presents the samples of () profiles for several values of the thermal radiation parameter ( R),
when m1  m2  15 gr , m f  100 gr , M  0.15, c  0.1,   3 and Pr  6.2. It is quiet clear that the
Reports in Mechanical Engineering, Vol. 2, No. 1, 2021: 31 – 40

Reports in Mechanical Engineering

ISSN: 2683-5894



39

thermal radiation parameter results in augment the thermal boundary layer thicknesses for both first and second
solutions. Also, there is a point at the middle of the thermal boundary layers for both first and second solutions
where the temperature attains the same value for all values of R. In fact, before this cross point, the temperature
diminishes with R, while the opposite trend is valid for after this cross point.

Figure 8. Dimensionless temperature (()) profiles for several values of R.

4. Conclusions
A theoretical study has been presented for the flow of a hybrid nanofluid past a horizontal moving slim
needle in the presence of thermal radiation with dual solutions analysis. The outcomes of the present study can
be explained as: 1) the dual solutions of the problem are obtained only for  c    0 , 2) the first solutions
has always thinner than the second solutions, 3) the first solutions (the upper branch solutions) occur in real
world and physically realizable, 4) the magnetic parameter ( M ) and also the second nanoparticle's mass (m2 )
limit the range of  for which the solution exists, 5) the radiation parameter ( R) only affects the thermal
characteristics of the problem because it appears directly in the similarity energy equation (see Eq. (7)), 6) the
mass-based model can be successfully used for analyzing hybrid nanofluids in different problems with great
confidence.
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